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nknk}y�msou�|x��|s|}pws�yl|v~nym~mkxx�� ;ZR<P�#+</�"Z/Z/��;#"����wk}pwk}s�xsws�
wyopv�ws�z{y�p|�m�yl{ylus�{�rxy}szxy���x�y{wk����m�uyw~x�uk��txs��wp{pqk��y|}kxx�yny�
zyuyv�xx��F
�c�*��b�m�oyws��{yly}k��msm�px��wyopv��}kus��|s|}pw�z{s�z{y|}s��|}{k}pn����
oy|}~z~��}yl}y�zp{polk�k�}�|����y�m|��ukxkvs�|s|}pws�{�mxyz{kmxy�msuy{s|}ym~�}�|��
{�rxy}szxsws�msuvsukws��_kryw�r�}sw���p{pr�ylwpqpx�|}��{p|~{|�m�wp{pq��k�}kuyq�~xk|v�oyu�
}yny���y�{�rxy}szx��msuvsus�wk�}��{�rx��|}~zpx��mkqvsmy|}���{�mxyz{kmxp�msuy{s|}kxx��
ukxkv�m�|s|}pws�xp�rkmqos���p�pu}smxsw��ayw~�op�u��ukxkvs�{prp{m~�}�|����
msuy{s|}ym~�}�|��vs�p�z{s�msxsuxpxx��zpmxs��uyx�v�u}xs��|s}~k��t��Tv��ms{��pxx���s��
|s}~k��t�xktl�v���p�pu}smxsw�rk|ylyw���[k{u�m|�u��z{y�p|s�z{stx�}}��{��px�� [^̂ _���
akust�z�o��o�{kx��p�l~m�msuy{s|}kxst�m�{yly}��F
*�ov��rxk�yoqpxx��yz}swkv�xy��|}{k}pn���
oy|}~z~��a~}�kxkvyn��xst�z�o��o�msuy{s|}ym~�}�|��ov��oy|v�oqpxx��wyopvpt�;#"�r�
{prp{mxsws�ukxkvkws��
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_yrnv�xpwy�wyopv��lknk}y�msou�|xy��|s|}pws�yl|v~nym~mkxx�� ;ZR<P�#+</�"Z/Ze, 
;#"���m��u�t�m|��ukxkvs�{yro�vpx��xk�om��n{~zs0�ku}smx����{prp{mx���̂{s���yw~�ku}smx��ukxkvs�
msuy{s|}ym~�}�|��rn�oxy�r�zymxyoy|}~zxy��|�pwy���k�muv��pxx��{prp{mxs��ukxkv�m�
z�ook�}�|��up{~mkxx���z|}kxx��yrxk�k����y�msuy{s|}kxx��{prp{mxs��ukxkv�m�zym��rkxp�r�
zpmxsws�puyxyw��xsws�ms}{k}kws����}yw~�m�wywpx}s�xko�yoqpxx��{�rxy}szxs��msuvsu�m�
xpyl��oxy�z{stwk}s�{��pxx��z{y�msuy{s|}kxx��}kus��ukxkv�m��̂{s���yw~�}ku��{��pxx��
z{stwk�}�|��vs�p�}yo���uyvs�u�v�u�|}��m�v�xs��ukxkv�m�ms�mv��}�|��xpoy|}k}x�y��ov��
yl|v~nym~mkxx��xko�|vkxs��msuvsu�m��[p}k�up{~mkxx��muv��pxx�w�{prp{mxs��ukxkv�m�zyv�nk��
m�w�x�w�rk����|~wk{xs��puyxyw��xs��ms}{k}�m�yosxs����k|~�|}k��yxk{xyny�{pqsw~��
zym��rkxs��r�m}{k}kws�msuvsu�m���msuy{s|}kxx�w�{prp{mxs��ukxkv�m��

b|��N> 1 ukxkvs�|s|}pws�{yro�vpx��xk�om��n{~zs��}yl}y�N = A + R, op�A> 1 mukr~��
u�v�u�|}��ku}smxs��ukxkv�m���R> 1yrxk�k��u�v�u�|}��{prp{mxs��ukxkv�m��z{s���yw~�m|��ukxkvs���
�opx}s�xsws��o��oxst�zy}�u�msuvsu�m����z~k||yx�m|�usw�r�zk{kwp}{yw����z{s���yw~�uyqxst�
msuvsu���ust�xko�t�ym�r�twym�{x�|}����i, zy}{pl~��bi ukxkv�m�yoxy�k|xy��op��1 �b�K2
��}yl}y�
ms��oxst�zy}�u�z{po|}kmv���|yly��|~zp{zyrs����K xprkvpqxs��z~k||yx�m|�us��zy}yu�m�r�
�x}px|smxy|}�ws�
i:= ��i, ��� � � op�msuvsus��r�i-ny�zy}yu~�zy}{pl~�}��yoxy�k|xybi ukxkv�m��z{s�
��yw~�m|��ukxkvs�zy�sxk�}����rkmp{�~�}��yl|v~nym~mkxx��yoxy�k|xy�fk|�yl|v~nym~mkxx��

msuvsu�m�P-ny�}sz~���zyukrymy�{yrzyo�vpxy��mszkouymy��mpvs�sxy���r�|p{pox�w� Kii ,1,1 ��� . 
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ju�y�m�wywpx}�xko�yoqpxx��msuvsu~�l~o�-�uyny�}sz~�u�v�u�|}��m�v�xs��ku}smxs�
ukxkv�m���oy|}k}x�y���}y�xpyl��oxk�u�v�u�|}��ku}smxs��ukxkv�m�z{srxk�k�}�|��ov��tyny�
yl|v~nym~mkxx���o��x�yw~�mszkou~�m�v�x��{prp{mx��ukxkvs�wyq~}��l~}s�msuy{s|}kx��ov�������
wp}s��_kryw�r�}sw���u�y�|~wk{xk�u�v�u�|}��m�v�xs��ukxkv�m� ku}smxs����{prp{mxs���ms�ms}�|��
xpoy|}k}x�y��ov��yl|v~nym~mkxx��msuvsu~���y�xko�t�ym��}y�m�x�r��wym�{x�|}��
�m}{k�k�}�|��
 lvyu~�}�|����

[p�kx�rw�muv��pxx����m�ouv��pxx��{prp{mxs��ukxkv�m�zyv�nk��m�xk|}~zxyw~��ju�y�m�
wywpx}�rkmp{�pxx��yl|v~nym~mkxx��msuvsu~�l~o�-�uyny�}sz~�u�v�u�|}��rktx�}s��ukxkv�m�
ms�ms}�|��xp�wpx�p��x�q�A��}y�m|��rm�v�xpx��ukxkvs�zp{pwsuk�}�|��m�{prp{mx~�n{~z~��m�
z{y}svpqxyw~�mszkou~�l~o�-�u��A ukxkvs�|}kmv�}�|��m�ku}smx��n{~zs��k��x���rkvs�k�}�|��m�
{prp{mx�t�n{~z����

{̂sz~|}swy���y�m}{k}k�yoxyny�msuvsu~�P-ny�}sz~�y��x��}�|���}{k�yw�~�c (i)~wymxs��
yosxs����i = 1, ..., K��k�muv��pxx��j{prp{mxs��ukxkv�m�m�yosxs����k|~�z{srmyos}��oy��}{k�~�
d (j) ~wymxs��yosxs����j = 1, ..., R.. ayo��rkok�k�rxk�yoqpxx��yz}swkv�xy��|}{k}pn���
muv��pxx��{prp{mxs��ukxkv�m�|�y{w~v��}�|��}kusw��sxyw0�zy}{�lxy�rxkt}s�}ku~�|}{k}pn���
muv��pxx��{prp{mxs��ukxkv�m���yl�w�x�w�r~mk}s�|~wk{x���}{k�s�m�yosxs����k|~�
|}k��yxk{xyny�{pqsw~��zym��rkx��r�m}{k}kws�msuvsu�m�{�rxs��}sz�m���muv��pxx�w�{prp{mxs��
ukxkv�m��

z}qp���~ukxk�yz}swkv�xk�|}{k}pn���oy|}~z~� 5+RR�3KSP;;P8T�58T<:8R��535��
z{po|}kmv���|yly��zy|v�oymx�|}��{��px����y�z{stwk�}�|��m�wywpx}s�xko�yoqpxx��
msuvsu�m��̂ {s���yw~��m�uyqpx�wywpx}�xko�yoqpxx��msuvsu�m�r�~{k�~mkxx�w����}sz~���
zy}y�xyny�|}kx~�|s|}pws�xpyl��oxy�z{stwk}s�yoxp�r�omy��{��px�0�kly�msuvsu���y�xko�t�ym��
m}{k�k�}�|���kly�zpmxk�u�v�u�|}��{prp{mxs��ukxkv�m�msuy{s|}ym~�}�|��ov��tyny�
yl|v~nym~mkxx���
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}̀kx������|s|}pws�m�oym�v�xst�wywpx}��k|~�wyqxk�yzs|k}s�K-w�{xsw�mpu}y{yw�n=(n1, 
..., nK)��op�ni mukr~��u�v�u�|}��msuvsu�m�i-ny�}sz~�m�|s|}pw���z|u�v�us�uyqpx�msuvsui-ny�}sz~�
yoxy�k|xy�mswknk��biukxkv�m�|s|}pws��}y�wku|swkv�xk�u�v�u�|}��msuvsu�m�~�|s|}pw��ylwpqpxk�

mpvs�sxy��[N / bi]��op�[x] yrxk�k����v~��k|}sx~�x, Ki ,1� ��̀~wk{xk�u�v�u�|}��rktx�}s��
ukxkv�m�|s|}pws�m�|}kx��n��msrxk�k�}�|���u�|ukv�{xst�oyl~}yu�mpu}y{�m�n ��b = (b1, ..., bK).
akusw��sxyw��lprv���wyqvsms��|}kx�m�|s|}pws�msrxk�k�}�|��}ku0

� 	 � �� 
NkibNnS ii ��� bnn ,,,1,/,0:: . (1) 

Tv��yzs|~�uvk|~�|}{k}pn�t��m��uyw~�rxk�yos}�|���~ukxk�yz}swkv�xk�|}{k}pn���muv��pxx��
{prp{mxs��ukxkv�m��{yrnv�xpwy�wywpx}s�xko�yoqpxx��msuvsu�m��
yp�kt�m�wywpx}�xko�yoqpxx��msuvsu~�i-ny�}sz~�|s|}pwk�rxk�yos}�|��m�|}kx�������������������������

n�S��v�v�u�|}��m�v�xs��ku}smxs��ukxkv�m�~���yw~�|}kx��msrxk�k�}�|���u�f (n) = A-(n, b), �u�y���������
f (n)a0���ayw~���u�y�f (n) <0��}y��p�yrxk�k����y�~�|}kx��n u�v�u�|}��msuy{s|}ym~mkxs��
{prp{mxs��ukxkv�m�oy{�mx���-f (n). sm�o|s�{ylswy�ms|xymyu���y�mpvs�sxk�f (n) + R mukr~��
|~wk{x~�u�v�u�|}��m�v�xs��ku}smxs�����{prp{mxs��ukxkv�m�m�|}kx��n�S���u�y�f (n) >0��k�m�{kr��f 
(n) �0 rkrxk�pxk�mpvs�sxk�yrxk�k��u�v�u�|}��m�v�xs��{prp{mxs��ukxkv�m�m�|}kx��n�S.
z|u�v�us�ku}smx��ukxkvs�|s|}pws�msuy{s|}ym~�}�|��rn�oxy�zymxyoy|}~zxy��|�pws��}y�

�u�y�m�wywpx}�xko�yoqpxx��msuvsu~�i-ny�}sz~�|s|}pwk�rxk�yos}�|��m�|}kx��n�S, m��uyw~
f (n)��	i, }y�msuvsu���y�xko�t�ym��z{stwk�}�|��r��wym�{x�|}��
����ov��tyny�yl|v~nym~mkxx��
mso�v��}�|��l~o�-�u��bi m�v�x��ku}smx��ukxkvs��ju�y�m��pt�wywpx}�uywzyxpx}s�mpu}y{k�|}kx~�
n rkoym�v�x��}��xp{�mxy|}��bi>f(n)+R, }y�msuvsui-ny�}sz~���y�xko�t�ym�m}{k�k�}�|��r�
�wym�{x�|}��
��}yw~��y�m��pt�wywpx}�u�v�u�|}��m�v�xs��ukxkv�m� ku}smxs����{prp{mxs���
ms�mv��}�|��xpoy|}k}x�y��ov��yl|v~nym~mkxx��msuvsu~���yxko�t�ym���mv�}p{xk}smx��
{��pxx��wyqvsm��m�wywpx}s�xko�yoqpxx��msuvsu�m�i-!,}sz~���u�y�m����wywpx}s�|s|}pwk�
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rxk�yos}�|��m�yoxyw~��r�z�ouvk|�m�lprv����wyqvsms��|}kx�m0

�� ��� 
;,0::* RfbfSS ii ��� nnn (2)

�� �� ��� 
.,0::** RfbffSS ii ����� nnnn (3)

o�yly��z�ouvk|k��|}kx�m� ���}k� ���wyqvsm��xk|}~zx��{��pxx�0�K
�cmsuvsu���y�xko�t�ym��
m}{k�k�}�|����K��c{prp{mx��ukxkvs�msuy{s|}ym~�}�|��ov��yl|v~nym~mkxx��msuvsu~i-ny�}sz~��
�y�xko�t�ym��o�orxk�swy���y��u�y�z{stwk�}�|��{��pxx��K���}y�m�z�ouvk|�� ���
msuy{s|}ym~�}�|��bi {prp{mxs��ukxkv�m��k�m�z�ouvk|�� ���u�v�u�|}��{prp{mxs��ukxkv�m���y�
mso�v��}�|��ov��yl|v~nym~mkxx��msuvsu~�i-ny�}sz~���y�xko�t�ym��oy{�mx���bi-f (n).
o�{yn�ox�|}��z{stx�}}��{��px��K
���K��zyrxk�k�}�|�� ��n�

i� �� ��n�
i� ��m�ozym�oxy��z|u�v�us����

twym�{xy|}��|uvkok�}��zymx~�n{~z~��}y�wk�wy0�

�� �� 1�� �� nn ii �� ov��m|p�� iS�n , (4)

op K,1i,SSS **
i

*
ii �� � .

apzp{�{yrnv�xpwy�wywpx}s�m�oz{kmvpxx��msuvsu�m�|s|}pwy���yp�kt�lprzy|p{pox�y�zp{po�
m�oz{kmvpxx�w�msuvsu~�i-ny�}sz~��r�|s|}pws�myxk�l~vk�m�|}kx��n��op�ni> 0. ayo��~�wywpx}�
m�oz{kmvpxx��msuvsu~�xk|}~zxsw�|}kxyw�|s|}pws�l~op�n-ei, op�ei cK-w�{xst�mpu}y{��m|��
uywzyxpx}s��u{�w�i-ny��{�mx��	��k�i-}k�uywzyxpx}k�oy{�mx���
��ju�y�(n-ei,b)�A��}y�m|��rm�v�xpx�
bi ukxkvs�|}k�}��{prp{mxsws1�m�z{y}svpqxyw~�mszkou~�l~o�-�u��Aukxkvs�|}k�}��ku}smxsws��
k�{p�}k�zp{pwsuk�}�|��m�{prp{mx~�n{~z~���̂�|v��m�oz{kmvpxx���r�|s|}pws�msuvsu~i-ny�}sz~�
|s|}pwk�zp{p�yos}��m�|}kx�n-eir��x}px|smx�|}��ni�I, ��� � �.
[yqxk�zyukrk}s���y�rkrxk�px���}{k�s�rk�yosxs����k|~�yl�s|v��}�|��}ku0�

�� ��� � ���� ��� � � � ��� ���
��� � ��� �� �� � ����,

:,

*** nnnn

nnnnnn
n

�

� �

�

�����

��������

iiiii

S

K

Ii
iiiii

SIfbdSIbd
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�

���
(5)

op�p(n��yrxk�k��|}k��yxk{x~�twym�{x�|}��|}kx~n�S.
s�msuvkopxyny�{ylswy�ms|xymyu���y�wp}y��oy|v�oqpxx�������|s|}pws���{yrmf�rkxx��

xk|}~zxyny�rkmokxx�0�

�� ��� � �� .min, �� �� 


ni
i

nnpG
�

� (6)

zlwpqpxx�ws���yny�rkmokxx����|s|}pwk�{�mx�x��{�mxymkns��z}qp��rkmokxx��msrxk�pxx��
yz}swkv�xy��|}{k}pn���muv��pxx��{prp{mxs��ukxkv�m�rmyos}�|��oy�zpmxy��rkok���wk{u�m|�uyny�
z{yn{kw~mkxx���oyxk�wk��xp{kxoyw�rymkxp�yz}swkv�xp�{��pxx���Tv��rxk�yoqpxx��
yz}swkv�xy��|}{k}pn���muv��pxx��{prp{mxs��ukxkv�m�z{s�wkvs��rxk�pxx���N ��K wyqp�l~}s�
msuy{s|}kxst�wp}yo�v�x�txyny�z{yn{kw~mkxx���̂ {s�mpvsus��rxk�pxx����s��zk{kwp}{�m�
wyq~}��l~}s�msuy{s|}kx��xklvsqpx��wp}yos� 
��
_kryw�r�}sw��xk�z{ku}s����y|ylvsmy�z{s�oy|v�oqpxx��wyopvpt�;#"�r�mpvsuy��u�v�u�|}��

}sz�m�msuvsu�m��|}kx�|s|}pws�xp�|zy|}p{�nk�}�|��zymx�|}���}yl}y����k|}uymk��x�y{wk����z{y����
|}kx��k�|kwp��|zy|}p{�nk�}�|��vs�p�rknkv�xk�u�v�u�|}��rktx�}s�� m�v�xs���ukxkv�m��ayw~�535��
�u~��~uk�}���zymsxxk�z{stwk}s�{��pxx��xk�y|xym��}kuy��xpzymxy���x�y{wk�����zz}swkv�x~�
535��rk|xymkx~�vs�p�xk��x�y{wk����z{y�u�v�u�|}��rktx�}s�� m�v�xs���ukxkv�m��xkrmpwy�
|~lyz}swkv�xy���
yp�kt�ku}smx��ukxkvs���u���{kx��p��msuy{s|}ym~�}�|��rn�oxy�zymxyoy|}~zx�t�|�pw���k�

u�v�u�|}��{prp{mxs��ukxkv�m���u��wyq~}��l~}s�msuy{s|}kx��ov��yl|v~nym~mkxx��msuvsu�mi-ny�
}sz~��ylwpqpx��mpvs�sxy�ri,��z{s���yw~�r1���.K�R. skok�k�yz}sw�rk����|s|}pws�zyv�nk��m�
rxk�yoqpxx��}kus��rxk�px��ri, i = 1, ..., K���yl�w�x�w�r~mk}s�|~wk{x���}{k�s� ����
o�orxk�swy���y�|~lyz}swkv�xk�|}{k}pn���xp�l~op�u{k�y���x�q�yz}swkv�xk�|}{k}pn����ep�
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zy�|x��}�|��}sw���y�yz}swkv�xk�535�z{s�z{stx�}}��{��pxx��m{k�ym~��op}kv�x~�
�x�y{wk����z{y�|}kx�|s|}pws��m�}yt��k|��u�|~lyz}swkv�xk�|}{k}pn����{~x}~�}�|��vs�p�xk�
�k|}uym�t���x�y{wk����z{y�|}kx�|s|}pws� }yl}y�m{k�ym~�}�|��vs�p��x�y{wk����z{y�rknkv�x~�
u�v�u�|}��rktx�}s��ukxkv�m���kx�sws�|vymkws��omk�{�rxs��|}kxs��m��us��u�v�u�|}��rktx�}s��
ukxkv�m���yoxkuymy���{yrnv�ok�}�|���u�yosx�|}kx�r�}y�us�ry{~�|~lyz}swkv�xy��|}{k}pn���
muv��pxx��{prp{mxs��ukxkv�m��
{̂yn{kw~��w�}k��txyny�wyopv�mkxx��{yr{ylvpxy���msuy{s|}kxy�ov��rxk�yoqpxx��
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